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QOutline

Even More Divide and Conquer
Quicksort |: partitioning
Quicksort Il: random pivot



Quicksort demo

def quicksort(A,p,q):
if p>=q: return

r = partition(A,p,q,randrange(p,q))
quicksort (A,p,r-1)
quicksort (A,r+1,q)



- ~+ Partitioning subroutine

PARTITION(A, p, q) > A[p .. q]
x < A[p] >pivot = A[p| | Running time
if—P e = O(n) for n

orj<-ptltog elements.
do if A[j] < x

then <+ 1
exchange A[i] <> A J]
exchange A[ p]| <> A[i]
return /

Invariant: | x <x > X ?
p I J q
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‘ Example of partitioning

6 10135 (8|3 ]2]11

6 | S (13|10 8| 3 (2|11

6 | 53|10 8 |13] 2 |11
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‘ Example of partitioning
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m Example of partitioning

A\ e

6 10135 (8|3 ]2]11

6 | S (13|10 8| 3 (2|11

6 | 53|10 8 |13] 2 |11

6 | 53|28 |13]10]|11
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m Example of partitioning

A\ e

6 10135 (8|3 ]2]11

6 | S (13|10 8| 3 (2|11

6 | 53|10 8 |13] 2 |11

6 | 53|28 |13]10]|11

i —j
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m Example of partitioning

A\ e

6 10135 (8|3 ]2]11

6 | S (13|10 8| 3 (2|11

6 | 53|10 8 |13] 2 |11

6|5[3]2]|8]13]10]11]

i —J
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H Example of partitioning

610]13] 5 3211
6|5]13]10 3211
615]3]10 13211
61532 1310 11]
2536 131011 |

i



Random pivot

P pivot <A[random(1..n)]

P indicator X, = 1 if we generate a k:n —k — 1 split, 0
otherwise

» E[X,] = Pr[X, = 1] = 1/n, assuming distinct elements.



Random pivot demo

def partition(A,p,q,loc):
Alpl,Alloc] = Alloc],Alp]
i=0rp
for j in range(p+1,q+1):
if A[j] <= Alpl:

i o+= 1

Ali]l, A[j] = A[jl, A[il]
Alil, Alpl = Alpl, AIlil
return 1



Hs Analysis (continued)

7(0) + T(n—1) + O(n) if0: n—1 split,

Tmy=< T+ T(1-2) + ©(w) if 1:n-2 split,

T(n—1)+ 7(0) + ©(n) 1f n—1: 0 split,

- i X (T(k)+T(n—k—1)+0(n))

k=0
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| ' « Calculating expectation

EIT(m)] = FZIX/((T(/CHT(H k—1)+O(n)

k=0

Take expectations of both sides.
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GORITHMS

=731 Calculating expectation

) i

E[T(n)]= Erzl)(k (Tk)+T(n—k—-1)+ @(n))}
k=0
= 'SE[X,( (T(k)+T(n—k—1)+0(n))]
k=0

Linearity of expectation.
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;{ﬁ, « Calculating expectation

E[T(n)] = E{nZle (T()+T(n—k —1)+ G)(n))}
k=0

= nfE[Xk (T(k)+T(n—k—1)+O(n))]
k=0

= ”ilE[Xk]- E[T(k)+T(n—k—1)+0O(n)]
k=0

Independence of X, from other random
choices.
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F‘q’;\,”_‘ Calculating expectation

E[T(n)]= E[”Zl)(k (T(k)+T(n—k-1)+ G)(n))}
k=0

- 5 EX T+ T -k ~)+ ©(0)]
k=0

- 'SE[X,{]- E[T(k)+T(n—k—1)+0(n)]
k=0

ZlgE[T(k)]+l”§E[T(n—k —1)]+l’§®(n)
=0 [y ni-g
Linearity of expectation; £[.X,| = 1/n.
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H,, « Calculating expectation

E[T(n)]= EYZ]X,{ (T(k)+T(n—k—-1)+ ®(n))}
k=0
S B (T () + T =k~ 1)+ O(n))]
k=0
= EIE[X/{]- E[T(k)+T(n—k—1)+0(n)]
k=0

= lnilE[T(k)H l”ZAE[T(n —k —1)]+i’§®(n)
k=0 k=0 nizo
n—1
~ 23 E[T(k)]+6(n)  Summations have

n;_ . .
k=l identical terms.
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e Hairy recurrence

Y \‘ i

n—1

E[T(n)]= i > E[T(k)]+©O(n)
k=2

(The £ =0, 1 terms can be absorbed in the ®(7).)

Prove: E[T(n)] <anlgn for constant a > 0.
* Choose a large enough so that anlgn
dominates £[7(n)] for sufficiently small n > 2.
n—1
Use fact: ) klgk < Jn?lgn—in® (exercise).
k=2
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‘§~' Substitution method

ny

E[T(n)]< i Z aklgk + O(n)
k=2

Substitute inductive hypothesis.
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{ﬁ, < Substitution method

E[T(n)]<

Use fact.
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F‘q’;\,”_‘ Substitution method

n—1
E[T(m)]<2 Y aklgk +©(n)
=2
< 2“(1 n?lgn lnz) + O(n)
n 8

Express as desired — residual.
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k"‘ﬁ ~* Substitution method

E[T(n)]< Z aklgk +O(n)

k_
a( n2lgn-— n2j+®(n)
n
= anlgn—(?—@(rz))
<anlgn,

if @ 1s chosen large enough so that
an/4 dominates the ®(n).
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